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THE MAXIMAL NEGATIVE ION OF THE TIME-DEPENDENT
THOMAS-FERMI AND THE VLASOV ATOM
LI CHEN AND HEINZ SIEDENTOP
Abstract. We show an atom of atomic number Z described by the time-
dependent Thomas-Fermi equation or the Vlasov equation cannot bind more
than 4Z electrons.
1. Introduction and Statement of the Result
1.1. Known Results on the Excess Charge of Atoms. Experimentally no
doubly charged negative ions – or ions that are even more negative – are known
(Massey [17, 18]). To prove this simple fact starting from a mathematical model of
the atom is called the excess charge problem. Here the excess charge Q(Z) refers
to the maximal total number of electron N minus the nuclear charge Z. A step in
this direction was taken by Hill [9, 8, 10] in the context of the Schro¨dinger equation
showing that the H−-ion has only one bound state. First results on Q itself were
obtained by Ruskai [21, 22] and Sigal [23] showing that atoms cannot be arbitrarily
negative; later Lieb et al [14, 15] showed that the excess charge is asymptotically
of lower order than Z, i.e., Q(Z)/Z → 0 as Z → ∞. All of these results where
obtained for Schro¨dinger operators and are asymptotic for large Z.
For approximate models the results are – not unexpected – stronger. Solovej
showed first for the reduced Hartree-Fock model (Hartree-Fock without exchange
term) and later for the full Hartree-Fock model that excess chargeQ(Z) is uniformly
bounded in Z (Solovej [24, 25]). These were big steps forward, however, they are
still short of the above mentioned fact, that the observed excess charge is at most
one, since no control on the constant is offered.
For density functionals the situation is better. That there are no negative ions
in Thomas-Fermi theory is folklore (Gombas [7]). This can be easily shown using
a subharmonic estimate (see Lieb and Simon [16]). Benguria and Lieb [2] showed
that the Thomas-Fermi-Weizsa¨cker atom can have an excess charge that does not
exceed 0.7335 (where this numeric values holds for the coupling constant of the
Weizsa¨cker term that reproduces the Scott conjecture).
Finally we wish to mention an unpublished discovery of Benguria in Thomas-
Fermi theory. He realized that multiplying the Thomas-Fermi equation by |x|ρ and
integrating leads to the inequality
Q(Z) < Z
on the Thomas-Fermi excess charge. Of course this is of limited value in TF theory,
since, as mentioned above, the excess charge is zero. However, the value of the
idea is that it can be transferred and extended to other situations. In fact, it was
Lieb [13] who realized this for the Schro¨dinger operator with and without magnetic
field and the Chandrasekhar operator. Lieb showed, among other things, that for
these operators Q(Z) < Z+1. This bound holds regardless of the symmetry under
permutations (Boltzons, Bosons, or Fermions) and is – for large Z worse than the
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asymptotic bounds mentioned above. However, the bound is non-asymptotic and
proves the ionization conjecture for Z = 1 (hydrogen).
Benguria’s idea works also for the Hellmann functional, the Hellmann-Weizsa¨cker
functional [1], the Hartree-Fock functional and others. There are, however, func-
tionals that resisted such a treatment, like the Thomas-Fermi-Dirac-Weizsa¨cker
functional and the Mu¨ller functionals and variants thereof which were treated only
recently by different means (Frank et al [5, 6], Kehle [11]). Moreover, there are
models which are still completely open like the no-pair operators of relativistic
quantum mechanics (Sucher [26]) where it is not even known that the excess charge
is finite.
The models mentioned so far were all treated in a stationary setting. Although
a time-dependent characterization of bound and scattering states exists also in
quantum mechanics (see Perry [20, Theorem 2.1]), it took eighty-seven years after
the advent of quantum mechanics to approach the problem in a time-dependent
way (Lenzmann and Lewin [12]). However, it turns out that this treatment – and
therefore also ours since we will follow Lenzmann and Lewin as closely as possible
in the non-linear equation treated here – is also a variant of Benguria’s original
idea.
An improvement of Lieb’s non-asymptotic result was obtained by Nam [19] who
showed
αN (N − 1) ≤ Z(1 + 0.68N
−2/3)
with
αN := inf
x1,...,xN∈R3
∑
1≤i<j≤N
|xi|
2+|xj|
2
|xi−xj |
(N − 1)
∑N
i=1 |xi|
.
In this paper, we wish to discuss the excess charge problem of atoms when
described by the Vlasov equation [28, 29] and the time-dependent Thomas-Fermi
equation [3]. The latter is a hydrodynamic one with a pressure-density relation
given by Thomas and Fermi.
1.2. The Vlasov Equation. The Vlasov equation, originally derived in plasma
physics, can also be used as an effective equation for the spin summed phase space
density
f : R× R6 → R+
of fermions. If possible time dependence of the density is indicated by a subscript
t, i.e., the functions ft are interpreted as the spin-summed phase space density of
electrons at time t, at position x and momentum ξ. The Pauli principle for fermions
with q spin states each (for electrons q = 2) is implemented by the requirement
(1) ft ≤ q.
We will work in atomic units in which the rationalized Planck constant ~ and the
mass m of the electron are one, in particular we have h = 2π. Following Planck one
requires that each particle occupies the volume h3 in phase space, i.e., we interpret
ρt(x) :=
∫
R3
d¯ξft(x, ξ)
(with d¯ξ := dξ/h3) as the density of electrons at position x at time t and
(2) N(t) :=
∫
R3
dxρt(x),
as the number of particles at time t which may or may not be finite.
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We are interested in the maximal number of electrons which a nucleus of charge Z
can bind. For the moment, though, we allow for arbitrary many nuclei. The electric
potential Vtot of K nuclei at positions R1, ...,RK with nuclear charges Z1, ..., ZK is
(3) Vtot := V − VMF :=
K∑
k=1
ZkδRk ∗ | · |
−1 − ρ ∗ | · |−1.
The force K is
K(x) := ∇Vtot(x) = −
K∑
k=1
Zk
x−Rk
|x−Rk|3
+
∫
R3
dyρt(y)
x− y
|x− y|3
.
Thus the Vlasov equation reads
(4) ∂tft + p · ∇xft + K · ∇ξft = 0.
For transparency we will assume for our main results that we are in the atomic
case, i.e., K = 1, and Z := Z1, R1 = 0. Using homogeneity in the spirit of
Benguria’s idea, it is clear that multiplying by a homogeneous function of degree
one might be a hopeful strategy; however, instead of multiplying simply by x,
multiplying by x·ξ|x| helps in dealing with the derivative with respect to ξ. Because
of the time-dependence, the obvious idea would be to cut-off at an arbitrary distance
R, integrate, and then take t → ∞. However because of technical reasons, a
sharp cut-off leads to an indefinite term later on. A suitable soft cut-off solves this
problem. And instead of taking t large we will average over all times. We will
follow Lenzmann and Lewin [12] and pick as test function
(5) wR := ∇gR · ξ, gR(x) := R
3g(|x|/R), g(r) = r − arctg(r).
We will show that the two potential terms will yield the wanted estimate whereas
the other terms of the equation vanish or can be dropped.
Theorem 1. Assume ft to be a weak solution of the Vlasov equation (4) of finite
energy (12), assume B ⊂ R3 bounded and measurable, and set
NV (t, B) :=
∫
R3
d¯ξ
∫
B
dxft(x, ξ)
which is the number of electrons in B. Then in temporal average for large time
NV (t, B) does not exceeds 4Z, i.e.,
(6) lim sup
T→∞
1
T
∫ T
0
dtNV (t, B) ≤ 4Z.
To interpret the result we introduce the following notation: we say that ft ∈
L1(R3x × R
3
ξ) with 0 ≤ ft ≤ q a.e., is a fermionic bound state, if the functions ft
fulfill the following: for any ǫ > 0 exists a radius R such that for all times t ≥ 0∫
|x|>R
dxd¯ξft(x, ξ) < ǫ.
Thus the theorem implies that the Vlasov equation has no bound state which has
more than 4Z electrons.
We remark, that it is obvious from the proof that the right side of (6) can be
improved to 2Z, if the spatial density ρt of the solution is radially symmetric.
Benguria’s idea suggests to multiply the Vlasov equation with a homogeneous
function of degree one followed by a sharp cut-off and integrate. Instead, to deal
with the partial derivatives in x and ξ, we choose the weight w given by
(7) wR(x, ξ) := ∇gR(x) · ξ =
|x|
1 + (x/R)2
x · ξ,
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i.e., w(x) = x|x| · ξ + O(|x|3) for small x and is bounded for large |x| and fixed R
and ξ.
To our knowledge no such result is known neither for the time-dependent Thomas-
Fermi equation nor for the Vlasov equation. However, the analogue result for the
Schro¨dinger equation was shown by Lenzmann and Lewin [12] whose proof we will
follow as closely as possible.
1.3. The Time-Dependent Thomas-Fermi Equation. The time dependent
Thomas-Fermi equation (Bloch [3]), see also Gombas [7]), for electrons in the field
of a nucleus Z reads
∂tϕt =
1
2
(∇ϕt)
2 +
∫
dp
ρt
−
Z
|x|
+ ρt ∗ | · |
−1(8)
supplemented by the continuity equation
(9) ∂tρt = ∇(ρt∇ϕt).
Here ϕ is the potential of the velocity field u, i.e., u = −∇ϕ, ρ is the density of
electrons, and p is the pressure as a function of ρ. The Thomas-Fermi choice for p
is p(ρ) := (1/5)γTFρ
5/3 where γTF := (6π
2/q)2/3, i.e., we have
(10) ∂tϕt =
1
2
(∇ϕt)
2 +
γTF
2
ρ
2/3
t −
Z
|x|
+ ρt ∗ | · |
−1.
Our result is
Theorem 2. Assume that ϕt and ρt is a weak solution of (10) and (9) with finite
energy (13), assume B ⊂ R3 bounded and measurable, and set
NTF(t, B) :=
∫
B
dxρt(x)
which is the number of electrons in B. Then, in temporal average for large time,
this does not exceed 4Z, i.e.,
(11) lim sup
T→∞
1
T
∫ T
0
dtNTF(t, B) ≤ 4Z.
We can interpret the result similarly to the Vlasov case: we say that a solution
(ϕt, ρt) fulfills the time dependent Thomas-Fermi equation (10) supplemented by
(9) is a bound state of the Thomas-Fermi atom, if the solution (ϕt, ρt) fulfills the
following: for any ǫ > 0 exists a radius R such that for all times t ≥ 0∫
|x|>R
dxρt(x) < ǫ.
Thus, the theorem implies that the time-dependent Thomas-Fermi equation has no
bound state which has more than 4Z electrons. Again, in the radially symmetric
the constant reduces to 2Z as is obvious from the proof.
2. Uniform Estimates on Energies
For the proof of our theorems we need some uniform estimate of the kinetic
energy.
2.1. Conservation of the total energy. In this section we treat the general
molecular case although not needed in this generality for our result.
NEGATIVE IONS 5
2.1.1. The Vlasov Energy. Suppose that ft is a weak solution of the Vlasov equa-
tion. Then it is folklore that the energy
(12) EV (ft) :=
∫
R3
∫
R3
1
2
ξ2ft(x, ξ)dxd¯ξ −
∫
R3
V (x)ρt(x)dx +D[ρ] + R
where
D[ρ] :=
1
2
∫
R3
∫
R3
ρt(x)ρt(y)
|x− y|
dxdy
is conserved, i.e., it is time independent. Note that we added a constant, namely
the nuclear-nuclear repulsion
R :=
∑
0≤k<l≤K
ZkZl
|Rk −Rl|
.
2.1.2. The Thomas-Fermi Energy. The time-dependent Thomas-Fermi energy is
(13) H(ρt, ϕt) :=
∫
R3
dx
ρt(x)
2
|∇ϕt(x)|
2 + ETF(ρt)
where
ETF(ρ) :=:=
∫
R3
(
3
10
γTFρt(x)
5/3 − V (x)ρt(x)
)
dx+D[ρ] +R.
The energy H(ρt, ϕt) is conserved along the trajectory of solutions ϕt, ρt.
2.2. Lower Bound on the Energy. We wish to show that the energy is bounded
from below uniformly in f . To this end we define the – slightly non-standard –
spherical symmetric rearrangement in the variable ξ
(14) f∗(x, ξ) := qχB
( 6pi
2
q
ρt(x))
1/3 (0)
(ξ)
where ρ(x) :=
∫
R3
d¯ξf(x, ξ); note that also ρ(x) =
∫
d¯ξf∗(x, ξ). Thus, obviously
TV (f) :=
1
2
∫
dx
∫
d¯ξξ2f(x, ξ) ≥
1
2
∫
dx
∫
d¯ξξ2f∗(x, ξ) =
3
10
γTF
∫
dxρ5/3(x).
Thus, the Vlasov energy is bounded from below by the Thomas-Fermi energy ETF
(15) EV (ft) ≥ ETF(ρt).
This in turn is bounded from below by
(16) ETF(ρt) ≥ α
K∑
k=1
Z
7/3
k .
Note that this bound is uniform in the density ρ, therefore in particular uniform in
the electron number, and uniform in the positions of the nuclei. (The proof uses
Teller’s lemma (Teller [27], Lieb and Simon [16]), the scaling of the minimum, and
the fact that the excess charge of the Thomas-Fermi functional vanishes.) Here
α := inf
{∫
R3
(
3
10
γTFρ(x)
5/3 −
ρ(x)
|x|
)
dx+D[ρ]
∣∣∣ρ ≥ 0, ρ ∈ L5/3(R3), D[ρ] <∞} .
In other words, we have shown stability of matter for the Vlasov functional, i.e.,
whatever the initial conditions are, the energy is bounded from below by a quantity
that decreases at most linearly in the number of involved atoms.
It is obvious that the analogous bound holds for the time-dependent Thomas-
Fermi theory, since by definition
H(ρ, ϕ) ≥ ETF(ρ).
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2.3. Upper Bounds on Norms Along the Trajectory of the Solution. We
show that the kinetic energy TV (ft) and the Coulomb norm ‖ft‖C :=
√
D[ρft ] is
uniformly bounded along the trajectory.
By the above E(0) := EV (f0) = EV (ft) =: E(t), i.e.,
1
2
(TV (ft) + ‖ft‖
2
C)
≤E(0) +R−
1
2
(
TV (ft) + ‖ft‖
2
C −
K∑
k=1
∫
R3
2Zkρt(x)
|x− Rk|
+ 4R
)
≤E(0)−
α
2
K∑
k=1
(2Zk)
7/3
(17)
where we use the uniform lower bound (15) and (16) on the total energy. In other
words, both the kinetic energy Tft and Coulomb norm ‖ft‖C are bounded along
the trajectory uniformly in time.
Again, the TF-case is similar.
3. Proof of the Main Results
3.1. The Vlasov Case.
Proof of Theorem 1. First we note that – of course – w /∈ C∞0 (R
6). Strictly speak-
ing we need to regularize the w at the spatial origin and smoothly cutoff at infinity
obtaining a weight wǫ which converges toward w as ǫ → 0. We have carried such
procedure through in [4]. Since this is standard and only obscures the argument,
we skip it.
We do the previously announced: multiplication by wR defined in (5), integration
over phase space, and averaging in time. We get for the three summands A, B, and
C of the Vlasov equation:
Summand A:
|A| :=
∣∣∣∣∣ 1T
∫ T
0
dt
∫
R3
dx
∫
R3
d¯ξ wR(x, ξ)∂tft(x, ξ)
∣∣∣∣∣
=
∣∣∣∣ 1T
∫
R3
dx
∫
R3
d¯ξ wR(x, ξ)fT (x, ξ) −
1
T
∫
R3
dx
∫
R3
d¯ξ wR(x, ξ)f0(x, ξ)
∣∣∣∣(18)
≤
1
T
[√
TfT
√∫
R3
dx|∇gR(x)|2fT (x, ξ) +
√
Tf0
√∫
R3
dx|∇gR(x)|2f0(x, ξ)
]
(19)
≤c
N1/2R2
T
→ 0 as T →∞(20)
where we used the Schwarz inequality to conclude line (19) from line (18).
B: First we mention that g is a convex monotone increasing function which
implies convexity of gR, i.e., Hess(gR) is positive. Now, we integrate by parts
B :=
1
T
∫ T
0
dt
∫
R3
dx
∫
R3
d¯ξ ∇gR(x) · ξξ · ∇xft
=−
1
T
∫ T
0
dt
∫
R3
dx
∫
R3
d¯ξ ξ · Hess(gR)(x)ξ ft(x, ξ) ≤ 0
using the positivity of the Hessian in the last step.
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Eventually C:
C :=
1
T
∫ T
0
dt
∫
R3
dx
∫
R3
d¯ξ∇gR(x) · ξ K · ∇ξft
(21)
=
1
T
∫ T
0
dt
∫
R3
dx
∫
R3
d¯ξ ∇gR(x) · ξ
(
−Z
x
|x|3
+
∫
R3
dy
x− y
|x− y|3
ρt(y)
)
· ∇ξft(22)
=
1
T
∫ T
0
dt
(∫
R3
dxZ
∇gR(x) · x
|x|3
ρt(x)(23)
−
1
2
∫
R3
dx
∫
R3
dy
(∇gR(x)−∇gR(y)) · (x− y)
|x− y|3
ρt(x)ρt(y)
)
(24)
≤
1
T
∫ T
0
dt

Z
∫
R3
dx
ρt(x)
〈x/R〉2︸ ︷︷ ︸
=:MR(ρt)
−
1
4
∫
R3
dx
∫
R3
dy
ρt(x)ρt(y)
〈x/R〉2〈y/R〉2)

(25)
where we used Lenzmann’s and Lewin’s Lemma 1 and the notation 〈x〉 :=
√
1 + |x|2
in the last step. Thus, for fixed R
0 = A+B + C ≤ c
N1/2R2
T
+ 〈ZMR(ρt)〉T −
1
4
〈MR(ρt))〉
2
T
where we used Jensen’s inequality to estimate the last term. Thus the temporal
average up to T ∈ [1,∞], 〈MR(ρt)〉T , is uniformly bounded. Thus, as T →∞,
(26) 0 = A+B + C ≤ Z〈MR(ρt)〉∞ −
1
4
〈MR(ρt)〉
2
∞
where we set 〈MR(ρt)〉∞ := lim supT→∞ T
−1
∫ T
0
dt MR(ρt). Furthermore, assume
that B is contained in the ball of radius D ∈ R+ around the origin. Then we have
4Z ≥ 〈MR(ρt)〉∞(27)
= lim sup
T→∞
1
T
∫ T
0
dt
∫
B
dx
ρt(x)
1 + (x/R)2
≥
1
T
lim sup
T→∞
∫ T
0
dt
∫
B
dx
ρt(x)
1 + (D/R)2
(28)
=
1
1 + (D/R)2
1
T
lim sup
T→∞
∫ T
0
dt
∫
B
dxρt(x)(29)
Taking R→∞ on both sides gives the desired result
4Z ≥ lim sup
T→∞
1
T
∫ T
0
dt
∫
B
dxρt(x).

3.2. The Thomas-Fermi Case. We now give the proof of the Thomas-Fermi case
which initially requires a new idea but towards the end is similar to the above proof.
Proof of Theorem 2. We modify our strategy slightly: instead of multiplying (10)
by the function wR we multiply it from the left by the operator
(30) WR := ∇gR · ∇,
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multiply by ρ, integrate in the space variable, and average in time. The left side of
(10) becomes
(31) LT :=
1
T
∫ T
0
dt
∫
R3
dxρt∇gR · ∇∂tϕt
=
1
T
∫ T
0
dt∂t
∫
R3
dxρt∇gR · ∇ϕt −
1
T
∫ T
0
dt
∫
R3
dx∂tρt∇gR · ∇ϕt.
Since by the Schwarz inequality
(32)
∣∣∣∣
∫
R3
ρT (x)∇gR(x)∇ϕT (x)dx
∣∣∣∣ ≤ ‖∇gR‖
√∫
R3
ρT |∇ϕT |2
∫
R3
ρT ≤ cR,
we see that it is uniformly bounded in T because of the analogue of (17) for the
time-dependent Thomas-Fermi equation and the fact that the particle number is
conserved in time. Thus, by the continuity equation
(33) lim sup
T→∞
LT = −
3∑
µ,ν=1
lim sup
T→∞
1
T
∫ T
0
dt
∫
R3
dx∂µ(ρt∂µϕt)∂νgR∂νϕt
=
〈
3∑
µ,ν=1
∫
R3
dxρt∂µϕt∂
2
µ,νgR∂νϕt +
3∑
µ,ν=1
∫
R3
dxρt∂µϕt∂νgR∂
2
µ,νϕt
〉
∞
≥
〈
3∑
µ,ν=1
∫
R3
dxρt∂µϕt∂νgR∂
2
µ,νϕt
〉
∞
using integration by parts in the second but last step and the positivity of HessgR.
Next we treat the corresponding four resulting summands R1 through R4 of the
right hand side of (10):
(34) R1 :=
〈∫
R3
dxρt∇gR · ∇
1
2
(∇ϕt)
2
〉
∞
=
〈
3∑
µ,ν=1
∫
R3
dxρt∂µϕt∂νgR∂
2
µ,νϕt
〉
∞
which is identical to the last summand of the left side (33).
(35) R2 :=
〈∫
R3
dxρt∇gR · ∇
γTF
2
ρ
2/3
t
〉
∞
=
1
5
γTF
〈∫
R3
dx∇ρ
5/3
t · ∇gR
〉
∞
= −
1
5
γTF
〈∫
R3
dxρ
5/3
t ∆gR
〉
∞
≤ 0
again because of the positivity of HessgR and therefore of ∆gR.
(36) R3 := −
〈∫
R3
dxρt∇gR · ∇
Z
|x|
〉
∞
=
〈∫
R3
dxρt(x)
Z∇gR(x) · x
|x|3
〉
∞
= Z
〈∫
R3
dx
ρt(x)
〈x/R〉2
〉
∞
= Z 〈MR(ρt)〉∞
using the notation of (25). Finally, the last summand in (10) yields
R4 :=−
〈∫
R3
dx
∫
R3
dy∇gR(x)ρt(x)ρt(y)
x− y
|x− y|3
〉
∞
=−
1
2
〈∫
R3
dx
∫
R3
dyρt(x)ρt(y)
(∇gR(x) −∇gR(y)) · (x− y)
|x− y|3
〉
∞
≤−
1
4
∫
R3
dx
∫
R3
dy
ρt(x)ρt(y)
〈x/R〉2〈y/R〉2)
= −
1
4
〈MR(ρt)〉
2
∞
(37)
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by (39).
Putting the term obtained from the left side together with all the terms obtained
from the right side yields
(38) 0 ≥ Z 〈MR(ρt)〉∞ −
1
4
〈MR(ρt)〉
2
∞ .
The rest of the proof is now a mere copying of the Vlasov case. 
Appendix A. A Useful Inequality
Lemma 1 (Lenzmann and Lewin [12]). For g(r) = r − arctg(r) we have
• For x 6= y we have
(39)
(g′(|x|)ωx − g
′(|y|)ωy) · (x− y)
|x− y|3
≥
1
2
g′(|x|)
|x|2
g′(|y|)
|y|2
• Averaging over unit spheres yields
(40)
∫
S2
dωx
4π
∫
S2
dωy
4π
(g′(|x|)ωx − g
′(|y|)ωy) · (x− y)
|x− y|3
≥
g′(|x|)
|x|2
g′(|y|)
|y|2
.
Note also the related inequality (Lenzmann and Lewin [12, Lemma 3] for ν = 3)
and Chen and Siedentop [4] for general ν) for x 6= y ∈ Rν
(41)
(|x|ν−1ωx − |y|
ν−1ωy) · (x − y)
|x− y|ν
≥ 22−ν .
Acknowledgment: We acknowledge support by the Deutsche Forschungsgemeinschaft
through the grants CH 955/4-1 and SI 348/15-1.
References
[1] Rafael Benguria, Stefan Hoops, and Heinz Siedentop. Bounds on the excess charge and the
ionization energy for the Hellmann-Weizsa¨cker model. Annales de l’Institut Henri Poincare´,
57(1):47–65, 1992.
[2] Rafael Benguria and Elliott H. Lieb. The most negative ion in the Thomas-Fermi-von
Weizsa¨cker theory of atoms and molecules. J. Phys. B., 18:1054–1059, 1985.
[3] F. Bloch. Bremsvermo¨gen von Atomen mit mehreren Elektronen. Zeitschrift fu¨r Pysik, 81(5–
6):363–376, 1933.
[4] Li Chen and Heinz Siedentop. Blow-up of solutions to the Patlak-Keller-Segel equation in
dimension ν ≥ 2. Applied Mathematics Letters, 74:102–107, December 2017.
[5] Rupert L Frank, Phan Tha`nh Nam, and Hanne van den Bosch. The maximal excess charge
in Mu¨ller density-matrix-functional theory. arXiv preprint arXiv:1608.05625, 2016.
[6] Rupert L Frank, Phan Tha`nh Nam, and Hanne Van Den Bosch. The ionization conjecture in
Thomas-Fermi-Dirac-von Weizsa¨cker theory. Communications on Pure and Applied Mathe-
matics, 71(3):577–614, 2018.
[7] P. Gomba´s. Die statistische Theorie des Atoms und ihre Anwendungen. Springer-Verlag,
Wien, 1 edition, 1949.
[8] Robert Nyden Hill. Proof that the h- ion has only one bound state. details and extension to
finite nuclear mass. Journal of Mathematical Physics, 18(12):2316–2330, 1977.
[9] Robert Nyden Hill. Proof that the h− ion has only one bound state. Phys. Rev. Lett., 38:643–
646, Mar 1977.
[10] Robert Nyden Hill. Proof that the H-ion has only one bound state: A review, a new result,
and some related unsolved problems. InMathematical Problems in Theoretical Physics, pages
52–56. Springer, 1980.
[11] Christoph Kehle. The maximal excess charge for a family of density-matrix-functional theories
including Hartree-Fock and Mu¨ller theories. J. Math. Phys., 58(1):011901, 24, 2017.
[12] Enno Lenzmann and Mathieu Lewin. Dynamical ionization bounds for atoms. Anal. PDE,
6(5):1183–1211, 2013.
[13] Elliott H. Lieb. Bound on the maximum negative ionization of atoms and molecules. Phys.
Rev. A, 29(6):3018–3028, June 1984.
[14] Elliott H. Lieb, Israel M. Sigal, Barry Simon, and Walter Thirring. Asymptotic neutrality of
large Z atoms. Phys. Rev. Lett., 52:994, 1984.
10 L. CHEN AND H. SIEDENTOP
[15] Elliott H. Lieb, Israel M. Sigal, Barry Simon, and Walter Thirring. Asymptotic neutrality of
large Z ions. Comm. Math. Phys., 116:635–644, 1988.
[16] Elliott H. Lieb and Barry Simon. The Thomas-Fermi theory of atoms, molecules and solids.
Advances in Math., 23(1):22–116, 1977.
[17] H. S. W. Massey. Negative Ions. Cambridge University Press, London, 3 edition, 1976.
[18] H. S. W. Massey. Negative ions. Adv. Atom. Mol. Phys., 15:1–36, 1979.
[19] Phan Tha`nh Nam. New bounds on the maximum ionization of atoms. Comm. Math. Phys.,
312(2):427–445, 2012.
[20] Peter A. Perry. Scattering theory by the Enss method. Harwood Academic Publishers, Chur,
1983. Edited by B. Simon.
[21] Mary Beth Ruskai. Absence of discrete spectrum in highly negative ions. Comm. Math. Phys.,
82:457–469, 1981.
[22] Mary Beth Ruskai. Absence of discrete spectrum in highly negative ions II. Extension to
Fermions. Comm. Math. Phys., 85:325–327, 1982.
[23] Israel M. Sigal. Geometric methods in the quantum many-body problem. Nonexistence of
very negative ions. Comm. Math. Phys., 85:309–324, 1982.
[24] Jan Philip Solovej. Proof of the ionization conjecture in a reduced Hartree-Fock model. In-
ventiones Math., 104(2):291–311, 1991.
[25] Jan Philip Solovej. The ionization conjecture in Hartree-Fock theory. Ann. of Math. (2),
158(2):509–576, 2003.
[26] J. Sucher. Foundations of the relativistic theory of many-electron atoms. Phys. Rev. A,
22(2):348–362, August 1980.
[27] Edward Teller. On the stability of molecules in the Thomas-Fermi theory. Rev. Mod. Phys.,
34(4):627–631, October 1962.
[28] A. Vlasov. U¨ber die Schwingungseigenschaften des Elektronengases [auf Russisch]. Z. eksper.
teoret. Fis., 8:291–318, 1938.
[29] A A Vlasov. The vibrational properties of an electron gas. Soviet Physics Uspekhi, 10(6):721,
1968.
Institut fu¨r Mathematik, Universita¨t Mannheim, A5 6, 68131, Germnay
E-mail address: chen@math.uni-mannheim.de
Mathematisches Institut, Ludwig-Maximilians-Universia¨t Mu¨nchen, Theresienstraße
39, 80333 Mu¨nchen, Germany
E-mail address: h.s@lmu.de
